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Abstract-The problem of evaluating the effective longitudinal shear modulus of a unidirectional
fiber composite containing fiber-matrix interfacial cracks is considered. The generalized self-con
sistent scheme is employed in the formulation of the problem. The resulting mixed boundary value
problem leads to a system of dual series equations. which C,In then be rt:duced to Fredholm integral
equations of the first kind with a logarithmically singular kernel. The reduced longitudinal shear
modulus is calculated by solving the governing weakly singular integral equations.

INTRODUCTION

The presence of many cracks in a composite material may cause reduction in its stiffness.
thus degrading the integrity of the material.

The problem of analysing stiffness reduction due to the presence of cracks. like other
crack probkms for composite materials. may be attacked by two fundamentally dilrercnt
approaches. One is the macromechanics approach that approximates heterogeneous com
posite materials as homogeneous but anisotropic media. The other is the micromechanics
approach which inevitably kads to the treatment of cracks in dissimilar materials. i\ brge
number of solutions exist in the technical literature for dissimilar matcrials containing
cracks of various locations and orientations. As it is well recognized that cracks are more
likely to develop at interfaces between two dilrerent constituent materials of a composite
medium. a considerable amount of work has been devoted to the analysis of interfacial
cracks [see Comninou (1990) for review and further references]. However. most of the
investigations were concerned with cracks near or at an interface of two semi-infinite media
re11lkring no direct applications to the probkm of stifrness reduction caused by interf~tce

cracks present in composite materials.
Although a number of studies has been made on the evaluation of efl'cctive elastic

moduli of cracked homogeneous materials [for instance. Delameter ('{ al. (llJ75). Hoenig
(l97lJ)]. the work on cracked liber composites in the light of micromechanics analysis is
still relatively rare in the literature. Highly approximate treatments of the reduction in
longitudinal Young's modulus of an aligned short-fiber reinforced composite weakened by
liber-end cracks and a unidirectional fiber composite with broken fibers were given by
Takao ('{ al. (1982) and Steif(l984). respectively. in which the singular nature of the stress
field in the vicinity of a crack has not been taken into account. The probkm of calculating
elastic moduli of unidirectional fibc:r composites containing matrix cracks was considered
by Laws ('{ al. (1983).

To permit a comparatively simple analytical formulation. in the present paper we
consider the probkm of evaluating the reduced longitudinal shear modulus of a unidi
rectional fiber composite containing interfacial cracks. The generalized self-consistent
scheme is employed to evaluate the effective shear modulus of the composite weakened by
those cracks. This method has been applied by Christensen and Lo (1979) to calculate
elastic moduli of fiber-reinforced composites with perfect interface. and later extended to
imperfect interface conditions (Hashin. 1990). The self-consistent analysis has also been
applied rather frequently to calculate elastic moduli of cracked homogeneous materials. In
the two-dimensional crack configuration of the present problem. cracks are assumed to
take place along the entire length of the fiber. which may not happen in general. The
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resulting mixed boundary value problem leads to a system of dual series equations. which
can then be reduced to Fredholm integral equations of the first kind with a logarithmically
singular kernel. Although great difficulty is generally to be expected in numerically solving
Fn:dholm integral equations of the first kind with a smooth kernel. the presence of the
logarithmic singularity in the current problem makes the integral equations amenable to
numerical solution. The reduced longitudinal shear modulus is then calculated by solving
the governing weakly singular integral equations.

Problems related to fiber-reinforced composites under longitudinal shearing have been
studied by many authors (Adams and Doner. 1967: Budiansky and Carrier. 1984: Steil'
and Dollar. 1988). The dual series approach adopted in this paper has been used in solving
various mixed boundary value problems such as the separation of an inclusion from an
infinite matrix (Keer cl al.. 1973) and the bending of cracked beams (Westmann and Yang.
1967) and plates (Keer and Sve. 1970).

FORMULATION OF THE PROBLBI

Consider a unidirectional fiber-reinforced composite as shown in Fig. I with some of
the libers containing interfacial cracks. Both the libers and the matrix are taken to be
homogeneous. isotropic and linearly elastic. with shear modulus of G, and Grn • respectively.
It is assumed that the interface cracks are randomly located so that the composite material
remains transversely isotropic. It is further assumed that libers contain only single cracks.
but the crack sile may vary from liber to liber. As illustrated in Fig. 2. the location of the
crack at the libermatrix interl;lce is detined by the angle II. and the extent of the crack is
l1leasuJ'l·d by the angle 1 with the half crack length (' = la. where a is the liber radius.

To determine the etrective longitudinal shear modulus G<. a longitudinal shear stress
I, \ = III is applied to the composite material as illustrated in Fig. I. The problelm is
that of the anti-plane strain dcrormation. and the only nonvanishing displacement is the
longitudinal component 1\'. It follows that

( I )

where T" and f'l arc respectively the average stress and strain in the composite. Using the
average stress theorem. it can be shown that T,.1 = Ill' Applying the average strain theorem.
f,\ can be expressed in terms of the liber and matrix strain averages f'; 1 and t:'1\. respectively.
and the displacement jump [11'] across the interl;lce cracks as

(2)
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Fig, I, Longitudinal shearing of a unidirectional tiher composite,
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(3)

when: V, is the tiber volume fraction. A is the composite specimen cross-section area. S,
denotes the contour of all the cracked interfaces. 1/1 denotes the x~-component of the
outward normal of the contour and ds is the element of arc length of the contour. Using
the stress strain relations for the fibcr and the matrix materials and eliminating the matrix
a verage stress one finds that

and it follows from (I) that

(
G )-r G

I V '" I! 1.1 111 r+, - + '1·G,. !Il !O-'

(4)

(5)

Equation (5) constitutes the basic equation for calculating the efTective longitudinal
shear modulus of the fiber composite containing interfacial cracks under consideration.
Evaluation of the average fiber stress and the interface displacement integral in (5) is
done by utilizing the generalized self-consistent scheme. The underlying assumption of the
generalized self-consistent scheme in the present context is that the average state of stress
,lnd strain in any individual fiber is estimated by embedding a composite cylinder. consisting
ofa fiber with radius (1 and a concentric matrix shell with radius h such that the fiber volume
content in the composite cylinder is the same as the gross composite material. in an infinite
homogeneous and transversely isotropic material having the efTective longitudinal shear
modulus Gc yet to be determined. and a longitudinal shear stress !Il is applied at infinity.

We introduce local crack coordinates (x,. Xl. XJ) as opposed to the global coordinates
(.\' ,..\' > .\'d with x, = .\' J. along with the corresponding polar coordinates (r. 0). It is defined
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Fig. 3. Generalized self·consistent scheme model.

with respect to a single crack as illustrated in Fig. 3 with the x I-axis passing through the
center of the crack arc. [t is convenient to consider the problem in the local polar coordinate
system. Hence a three-phase boundary value problem needs to be solved to obtain the average
fiber stress and the interface displacement integral in (5). Since the average is taken over
all the fibers and the integral over all the cracked interfaces, this boundary value problem
has to be solved many times according to cracks with different sizes. Since the yet unknown
effective modulus Go enters the solution itself of the three-phase self-consistent model, an
iterative procedure is apparently required to solve (5) for Go.

The displacement function w(r, 0) is harmonic, satisfying Laplace's equation

V~II' = 0

with corresponding shear stress components given by

(6)

(7)

where G denotes the shear modulus. The above expressions are valid for the fiber, the
matrix and the effective material provided that G is replaced by Gr, Gill and Go respectively.
The following boundary condition at infinity is obtained with reference to the local polar
coordinates

!,: = !o cos {J sin O+!o sin {/ cos 0, r -+ x,. (8)

The solution to Laplace's equation (6) is expressed as l\'(r,O) = 1\'(1)(r,O)+\l·I~)(r,O).

where 1\'I')(r, 0), S = 1,2, are odd and even functions of 0, respectively. The corresponding
stress components can be written as !,:r,O) = !~1)(r, 0) + !~;)(r. 0),
!IIAr,O) = !:IP(r, 0) + !~l;)(r, 0). Denoting the solutions in the three regions of 0 < r < a,
a < r < hand r > b by superscripts f, m and e respectively, we have

x

I\'llIf = L A~')r" sin nO
"-I

x ( ell')
11'( I)m = L B~IIr" + --"- sin nO

"-I r"

(9)

( 10)
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x DI I ) t cosfJ
11.'( II. = L _n_ sin nO+ 0 r sin (J

n-I ,n G.

and

x

Wl11r = L A~1),n cos nO
n- I)

~ D '11 t sin fJ
11'1 :1< = L _n_ cos flO + -1)-- r cos O.

n ~ 1 ,n Gc

Due to the symmetries. only the region of 0 ~ e~ 1t need be considered.
By using (7), the radial shear stress components can be expressed as

~

t~:)r = Gr L f1A~I),n - I sin ,,0
n ~ I

~ ( ell))
T( I lin = G "" B11I,n - I _no sin flO

r: 111 L " r',+-I
" .. 1

t. D( I)

( 1)< G" n· {} {I . ()T,; = c L. -f1--'- 1 Sin fI + Tn COS Sin
n-I ,n

and

'"
t~;}l' = Gr L nA~11,n - I cos nO

,,-1

x D(2)

T~;)c = G. L -n,n: I cos nO+ To sin fJ cos O.
n- I
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(11 )

(12)

(13)

( 14)

(15)

( 16)

( 17)

( 18)

(19)

(20)

Similar expressions may be written for the corresponding tangential shear stress
components.

The solutions are required to satisfy the boundary conditions at r = a

(21 )

(22)

(23)

and the boundary conditions at r = h

(24)
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s = I. 2.

(15)

The boundary conditions are mixed. and they lead to the following dual series equations

and

c

I nd' I A~IJ sin nO = O. 0 ~ e ~ :x
11=1

I (l+fJ,,)(fA~llsinnO=FI(t.J). :x~o~rr.
n"", I

I fld' I A~,cl cos flO = O. 0 ~ 0 ~:x
n"" I

A~,:I + L (I + B"hl' A~c) cos nO = F:(O). :x ~ 0 ~ 1t
n= 1

(26)

(27)

(28)

(29)

where

.1 +C+(I-C)V;'
II" = I" +C-('''':'C)V;~

4 To sin IJF,(O) =-.-.-_-_ .. _.. -_.. "COS IJ.
. , +C- (I - G )VI' Gm

(0)

(31 )

(32)

(33)

(34)

SOLUTIO~S OF THE DUAL SERIES EQUATIONS

We now proceed to construct the solutions for the dual series equations (26)-(27) and
(28)-(29). For this purpose. let HI (0) and H :(0) denote the anti-symmetric and symmetric
parts of the shear traction along the uncracked portion of the interface. It follows that

, {fl l «().
Gr L flil' . I Alii sin fl() =

,,_I" O.

{
If.(0).

Gr L fla'" I I'll:' cos I/O = .
,,~I" O.

The Fourier coefficients A~" and 1'1;,:1 are given by

:x~(}~1t

O~(}<:x

'1~(}~1t

o~ () < 'X.

(35)

(36)



and

Shear modulus of unidirectional tiber composites

" f"A~II = -G -.I'I HI(¢)sinn¢d¢
1t rnu z

n =: I. 2. 3....
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(37)

(38)

(39)

Substituting (37) and (38) into (27) and (29). respectively. and changing the order of
integration and summation. we arrive at the following Fredholm integral equations of the
first kind

, I
KI(O, If» = L (1+//,,) sin"Osin/llp

,,~I "

,. I
K~(O, If» = L (I + Ii,,) cos ,,0 WS /IlP

" • I "

"/1(0) = I +C-(-I-C)Vf sin ()

.,
J1(0) = i+-G=(-j"=--G)~'~ cos O.

(40)

(41 )

(42)

(43)

(44)

(45)

(46)

The kernels of the integral equations (40) and (41) contain a logarithmic singularity
To see this. h:t (43) and (44) be rewritten as

I' 0 -I.) (I ' ~ I. O' -I. ., • (I C"' ~ Vi! I. (). -I.
l\, I ( • 'I' = +;'.) L... .. Sin" Sin n,1' +-;'. - ) L...-'-"--"";; - Sin n Sin ,1.1'

,,~I" ".,l+C-(I-G)~r"

(47)

y. I _' V" I
Kz(O. ¢) = (I + i.) L cos ,,0 cos n¢ + 2i.( I - G) L __._---f-~-_.-;; - cos n(} cos n¢.

".1 11 "~II +G-(I-G)Vr n

(48)
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Since V, < I. the second series in (~7) and (48) are bounded while the first ones can be
summed exactly to yield

'. I.. I. e+fiJ! I· f)-fiJII ~ SIn nf) SIn nfiJ = ~Iog sin -.,- - !Iog SIn -.,~
n=111 --

, I I v+fiJl I V-fiJI)" cos //0 cos I1fiJ = - llog 2 sin ~~.,- - \tOg 1 sin ._~ .,,7, // - ~ _ - ~ 1

(49)

(50)

Hence (49) and (50) shl.1w that the kernel functions become logarithmically singular at
0= cj). Note that the fUl1ctions!:(O) (I' = 1.1) on the right-hand-sides of (40) and (41) arc
well-behaVt:d. and cOl1seLjuel1tly the solutions to the integral equations (40) and (41). which
possess logarithmically singular kernels. have a square-root singularity at () = :x (Tll\:k.
(980).

Using (49) and (SOl. we write (4()) and (41) as follows:

(51 )

(52)

I
O-if) I-- log sin 1

4).( I - (;) , Vr I. .
+ I +). ,,~, 1+0=-(1-(;)'0 11 SIl1110 sin //(/) (53)

4),(I-C) ~ Vr 1
+ 1+), ":-,I+C_(I_C)Vf~cosnecosnfiJ (54)

4
g,(O) = (I +).)[1 +G~(I-C-)Vrl sin 0

4
(j.(I}) = . - "cos O.
. - ( I +1.)[ 1+ (j - (I - G lVrl

(55)

(56)

The cocllieient .·I:)~) is determined by the auxiliary equ~ltion (42).

I-knee the solution of the dual series equations (26)-(17) and (28)-(29) is reduced tu
the solution of the Fredholm integral equations (51) and (52).

CALCULATlO:,,/ OF THE EFFECTIVE MODULUS

By applying the average stress theorem. the average fiber stress in (5) can be written
as
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(57)

where Ar is the total cross area of all fibers. So is the contour of all the interfaces without
cracks and T} is the shear traction at the interfaces.

Let us assume that for simplicity all fibers have equal radius a. It follows that
Ar = Nr77:a~. where Nr is the number of fibers. Following the procedure of the generalized
self-consistent scheme. the integral over the uncracked interfaces can be easily calculated.
The result is

If ~
A~ s" T).i~ ds = (I-n.,) ().+ 1)(1 +G)+(i.-I)(I-G)Vr t'o

(58)

where 1/, = NjNr is the interface crack number fraction. N, being the number of fibers that
contain interface cracks. In terms of the local polar coordinates we have from (57) and (58)

-I' 4). n, I L f" .t' . = (I -1/) .... -.------. ---.-----------.- t' + - -- T (0' N f3) Sin (0 + f3) dO
~, , (. 1)( I G"") (. 1)( I G- V II N J. "'-.I. + + + I. - -) I' 77:, •./1 .. "

(59)

where the summation is taken over all possible values of:x and II.
Since T,(O) = /f1(O)+/f!(O) for:x ~ 0 ~ 77:. -n ~ 0 ~ -a where /fl(-O) = -/fI(O).

/f~( -0) = /f!(O). and T,(O) = 0 for -:x ~ 0 ~:x. it follows that

i~, 4l
r~) = (I-n.,) (i.+ 1)(1+[";)+(;'= 1)(I-C)Vr

+2).1/, I L {cos z Ilf" ii,(O)sin OdO+sin z Ilf" F/z(O)eos OdO}. (60)
,V, •./1' •

Notice that as before we do not write the explicit dependence of N,(O) or R,(O) (s = 1.2)
on :x. For convenience we will continue to do so when there is no danger of confusion.

As discussed earlier. we postulate that the interface cracks are randomly located so
that the angle f3 varies from 0 to 2n. In addition. we introduce a distribution functionf(a)
such that the fraction of cracks whose half crack lengths have values between e and e+ de
where c = :xa is given by f(:x) d:x. Thus, the summation in (60) can be replaced by an
integration as follows:

where :x la ~ c ~ :xza gives the range of the interface crack length.
Hence we have

i~1 4l
-- = (I -II ) --------.-.- --.---.. ----.. --------_ ._--

t' " ' (). + I )( 1+G) + (i. - 1)( I - G )VI'

+nJf'f(:X)d:x{f RI(O)sinOdO+ f R 2(O)cOSOdO}. (62)



1590 HO!'G TE="G

In the local polar coordinates. by using the fact that Vr = NrTr.a~/A the integral of dis
placement jump at the cracked interfaces r~, in (3) can be written in the form

Vrll, 1 '" I'r': J = - N 1.- [w]sin(O+fJ)dO
rra ' •./i -.

where [Ir] = Irm (a. 0) - IlJ (a. 8). It can be shown that the following expression is true:

4 To.
[\I'] =--.--.-----~_-- --(/ Sin (0+ Ii)

I +G-(I-G)Vr Gm

(63)

-A\)':)- L (t(l+fJ")(A:,"sinll(}+A~C)cosIlV). (64)
,,= I

Inserting (64) into (63), using (37) and (38), and after some manipulation we obtain
the following result:

G.m VI'11< I '" {') '.' c ' -, c) 4·T" = ' "-- 1.- - -(I + ....)Sin IJ Sin 7.A 0 + ---.----.
To' rr N, ,,(1 I +G- ( I - G) VI'

X[7.+ ~sin 2'l(sin 1 IJ-cos 1 fJ)1-4cos11If' r" fl 1(1/»!\I(O. I/» sin OdOdlp
o J'l

As discussed before the summation in (65) can be replaced by an integration through the
aforcmcntioned distribution fum:tion /(7.). After carrying out thc integration with respcct
to {I. we obtain

Gill Vrll<f,'" { .. -,') 4r 1 , = - !(:x)d::t -(I + ....)Sin ::tAo' + --""--.," . 1-
To Tr.,,' I+G-(l-G)~f

Thus the effective longitudinal shear modulus is calculated via the solution of the equation

(
I ) -r CC 1 = I + Vr . _ I T cJ + III r c,.
.... To To

NUMERICAL SOLUTIONS A:--:O RESULTS

(67)

It is well known that in general a Fredhom integral equation of the first kind can be
very dillicult to solve numerically. Indeed this fact might partly account for the past
preference for reducing dual series equations to an integral equation of the second kind
(Westman and Yang, 1967; Keer and Sve, 1970; Keer e{ al.• 1973). An effective technique
for numerically solving singular integral equations of the first kind with a dominant Cauchy
typc singularity, which are frequently encountered in fracture mechanics analysis. has been
proposcd by Erdogan and Gupta (1972). but no general numerical treatment of the type
of the integral equation under present consideration appears to exist in the literature.
Nonetheless, the logarithmic singularity present in the current problem makes the integral
equations (51) and (52) suitable for a numerical solution that will bc describcd here.
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First note that the solutions contain the square-root singularity at the end point 4> = :x.
To incorporate such singularity in the solutions. we introduce bounded functions 11,(4)).
s = 1.2. such that

- 11,(4))
H,(4)) = 1--" :x ~ 4> ~ rr.

.../4>-:x
(68)

To solve the integral equations (51) and (52) in combination with (42) we divide the interval
[x. rr] into N subintervals [4>'-1.4>,], j = I. 2•...• N and by substituting (68) into (51). (52)
and auxiliary equation (42). we have

(69)

(70)

(71 )

Then we approximate h,(IM hy a step function. i.e. replace it within the ith suhinterval
[4>, _I. <P,] by a constant h: -I (5 = 1.2). which gives

(72)

(73)

(74)

If we now evaluate the integrals in (72) and (73) at the mid-point of each subinterval and
carry out the integration in (74) we arrive at the following systems of linear equations

,v
L. /(( I 'h' II =gl Ii (75)'1 J I

I· I

.v
11~1+ L. /(1~lhl~) = l/~I (76)/ II II I ~ ,

I~ I

.V

L. K/l:~) = 0 (77)
i. I

i = 1.2..... N

where

i~ -/(1'1 = '~.(O" 4» d4> (78)
II fc-

~, I \i <P -:x

K, = 2(J4>,-:x-J<P,-I-a:) (79)
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8, = !(¢,_,+¢,)

s = 1. 2.

A modified version of the so-called Chebyshev mesh is used. giving

A.. _ ( ) Jrr . - 0 I ~ "If', - rr - rr - 1 cos ~ .' ) - , ,_, ... ,•.
-,\

(80)

(81 )

(82)

It has the feature ofallocating more mesh points ne'H the crack tip 1/) = 1, which is obviously
desirable in view of the expected stress singularity there.

The functions {(,(Of' ¢) in (78) become unbounded at ¢ = 0,. thus conventional quad
rature formulae will not yield sutllcient accuracy. To circumvent such dilliculty, we write
the kernels (53) and (54) in the following manner

(X3)

s = I. 2

where

_, jO+(/Jj
I\:,'(O.(/J) = log +logI2rr-0-1/11

0-(/1
(1'4)

"'III I sin (0+ (/J)/2 I \sin (0-(/J)i2 I
1\ I (0•1jJ) = log (2rr _ 0 _ (/J) (0 + I/J) /2 - log (Ii - I/J) 12

4;.( I - C) , V;! I. .
+ I . L I C -. I '·C V" Sill nO Sill mp (85)+1. ,,~, + -(-) fn

Rb2l (O.¢) = -logI0+(pl-logIO-¢I-logI21t-O-¢1 (86)

-12) 0 _ I sin(O+¢)/2 I Isin (O-¢)/2 !
K, ( .¢) - -log (21t-O-¢)(8+¢)/2 -log (O-¢)i2

4;.(I-C)L Vr I
+ I . L I C-(I-C)V' -cos nO cos n¢. (87)+1. • -1 + en

(t follows that

- i'l>, {(hl(O II..) i'l>, {(hl(O (I..)K") = l):, v d-1.. '" V. dA..
1/ If'+ / - If'

'1>, J(t> -1 '1>, I \,' ¢-1

.I" = 1.2; j = I. 2, ... , N.

(88)

The first integrals in (88) can be integrated exactly and sinee K\')(O.I/J) is well behaved.
through a change of variable II = JIP - 1. the second integrals may be calculated by any
numerical method. for instance. Simpson's rule is found to be quite effective.

For the purpose of illustration. in the subsequent numerical calculations we consider
a simple situation when the interface crack length is uniformly distributed between 0 and
21to with the distribution function given by
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2.5

2

Ge/Gm 1.5

V,=O.55
0.5

0.2 0.4 0.6 0.8

Fig. 4. Effective longitudinal shear modulus vs fraction of fibers containing interface cracks.
V, = 0.55.

I
1(7.) =-. 0 < 7. < 1t.

1t
(89)

Calculations of the effective shear modulus were carried out for various interface crack
number fractions. ratios of fiber-matrix moduli and fiber volume contents. The bisection
method was found to be quite elfective in solving eqn (67) for Ge • The results arc presented
in Figs 4-R.

Figure 4 shows the variation of Ge with interface crack number fraction fl. for various
ratios GriGIn • The results indicate that the rate of reduction in longitudinal shear stiffness
increases with the increase of GriGIn • Figures 5-6 show the variation of Gc with interface
crack number fraction for various values of VI" Note that for a given fie. the absolute
number of libcrs that cont.tin interface cracks increases with the increase of IIber volume
fraction. Figures 7-8 show the variation of G. with IIber volume fraction for variolls nco
The results presented in Figs 4-8 indicate that in the case when all fibers contain interface
cracks. i.e. fie = I. the composite loses all the longitudinal stiffness reinforcement provided
by the fibers. In interpreting these results. one should notice that in general. the number of
interfacial cracks in the composite may well depend on the level of applied load as well as
tiber volume content. and the crack length is likely to obey more complicated distribution

4.2

3.5

2.8

Ge/Gm 2.1

1.4

0.7 Gt/G m=10.0

00 0.2 0.4 0.6 0.8
"c

Fig. 5. Effective longitudinal shc:tr modulus vs fraction of fibers containing intcrf:tcc cracks.
Gr/Gm = 10.0.
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Fig. 6. Etfeetive longitudinal shear modulus vs fraction of libers containing interface cracks.
Gr. Gm = 20.0.
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Fig. 7. Effective longitudinal shear mudulus vs liher volume fraction. G,!<i.. = ItJ.O.

nc=1.0

..............
.·'0.2

perfectb~••••••••••"

....-

GtlGm=20.0

2

4

5

6

Ge/Gm 3

Ol.-_~_.J__~_ _'__........_ __..L._ __"_ ____'I____J

o 0.2 0.4 0.6 0.8
V,

Fig. !l. Etf.'Ctivc longitudinal shear modulus vs lihcr volume fraction. GriG.. = 20.0.
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functions (e.g.. Gaussian distribution) than the simple uniform distribution function used
here for numerical examples.
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